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$X\subset \mathrm{C}$ , $a_{J}(X)$ $m$
$P(x, D_{x})=a_{m}(X) \frac{d^{m}}{dx^{m}}+a_{m-1}(x)\frac{d^{m-1}}{dx^{m-1}}+\cdots+a_{0}(X)$










$X$ – $A$ , $A\in X$ $\mathcal{O}_{A}$
, $\hat{O}_{A}$ . $P=P(x, D_{x})$
$P$ : $\mathcal{O}_{A}arrow \mathcal{O}_{A}$





$\lambda A(P, \mathcal{O})=\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{K}\mathrm{e}\mathrm{r}(P, \mathcal{O}A)-\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{c}_{\mathrm{o}\mathrm{k}(P,\mathcal{O}_{A}}\mathrm{e}\mathrm{r})$ ,
$\lambda A(P,\hat{\mathcal{O}})=\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{K}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}A)-\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}_{A})$.
$A$ $a(x)$ $o_{A}(a)$ .
.
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(i) $\chi_{A}(P, \mathcal{O})=m-v_{A(}a_{m})$ ,
(ii) $\lambda’A(P,\hat{\mathcal{O}})=\max_{0\leq i\leq}\{mi-v_{A}(a_{i})\}$ .
, $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}A/\mathcal{O}_{A})=0$ ,
$\mathrm{O}arrow \mathrm{K}\mathrm{e}\mathrm{r}(P, \mathcal{O}_{A})arrow \mathrm{K}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}_{A})arrow \mathrm{K}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}_{A}/\mathcal{O}A)$
$arrow \mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P, \mathcal{O}_{A})arrow \mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}_{A})arrow 0$ ,
. Malgrange .
2 (Malgrange [6])
(i) $A$ $P$ .
(ii) $\mathrm{K}\mathrm{e}\mathrm{r}(P, \mathcal{O}_{\mathrm{A}})\cong_{\mathrm{K}\mathrm{e}\mathrm{r}(),\mathrm{e}\mathrm{r}(}P,\hat{\mathcal{O}}A\mathrm{C}\mathrm{o}\mathrm{k}P,$ $\mathcal{O}_{A})\cong \mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}_{A})$ .
(iii) $xA(P, \mathit{0})=\lambda/A(P,\hat{\mathcal{O}})$ .
, , .
(a) ${\rm Im}(P, \mathcal{O}A)$ ${\rm Im}(P,\hat{\mathcal{O}}_{A})$ , $Pu=f$
,f .




1 $P(x, D_{x})=(2x+x^{2})D_{x}-4$ $A$ ,
$\lambda A(P, \mathcal{O})=xA(P,\hat{\mathcal{O}})=0$ . ,
$\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{K}\mathrm{e}\mathrm{r}(P, OA)=\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{K}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}_{A})=1$ . , $P$ ,
$\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P, OA)=\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{c}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}A)=1$ .
$Pu=f$ . , $P$
$P^{*}$ . $P^{*}=-(2X+x^{2})D_{x}-6-2_{X}$
, $g(x)=$ $+ \frac{2}{x^{3}}$
‘
$P^{*}g=0$ .
, $J^{\cdot}(x)$ $\mathit{9}(X\mathrm{I}^{d}X$ $f(x)g(x)dX$ , $A$
, ${\rm Res}_{A}(f, g)$ . $Pu=f$
67
$u$ , ${\rm Res}_{A}(f,g)={\rm Res}_{A}$ (Pu, $g$ ) ,
${\rm Res}_{A}(u, P*g)$ ,
${\rm Res}_{A}(f,g)=0$ , $g(X)= \frac{1}{x^{2}}+\frac{2}{x^{3}}$
. , $f$ $f(x)=f_{0}+f1x+f_{2}x^{2}+\cdots$ ,
$Pu=f$ $f1+2f_{2}=0$ . ,
$f(x)=f_{0}+f1x+f_{2}x^{2}+\cdots$ $Pu=f$ $u$
$f_{1}+2f_{2}=0$ .
2 - $P(x, D_{x})=(2x+x^{2}+5x^{4})D_{x}-4+20x\mathrm{s}$
, $A$ $\chi_{A}(P, \mathcal{O})=x_{A}(P,\hat{\mathcal{O}})=0$ .
$P^{*}=-(2_{X}+x^{2}+5x^{4})D_{x}-6-2_{X}$ , $5+ \frac{1}{x^{2}}+\frac{2}{x^{3}}$ .
1 . , $Pu=f$
1 – . , ,
$f(x)=f_{0}+f1x+f_{2}x^{2}+\cdots$ $u$ $f1+2f_{2}=0$
.
3 $P(x, D_{x})=x^{2}D_{x}-1+2x$ $A$ .
$\chi_{A}(P, \mathcal{O})=-1,$ $\chi A(P,\hat{\mathcal{O}})=0$ , $\mathrm{K}\mathrm{e}\mathrm{r}(P, \mathcal{O}_{A})=\mathrm{K}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}_{A})=\{0\}$
, $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}_{A})=\{0\}$ $\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{C}_{0}\mathrm{k}\mathrm{e}\mathrm{r}(P, \mathcal{O}_{A})=1$ . ,
$Pu=f$ , .
$Pu.=f$ , $P$
$P^{*}=-x^{2}D_{x}-1$ . , $P^{*}g(x)=0$
$\exp\frac{1}{x}$ . 1







(i) 1, 2 ,
, .









$X=\mathrm{C}$ $\Omega_{X}$ . $A\in X$




, pairing $A$ .
$X\backslash A$ $X$ open inclusion map $i$ : $X\backslash Aarrow X$ ,
$\mathcal{H}_{\{A\}}^{1}(\Omega x)\cong$ Tl\Omega x/\Omega x . , $\mathcal{H}_{\{A\}}^{1}(\Omega_{X})$ ,
$X\backslash A$ $A$ , essential singularity
. , $\mathcal{H}_{[A]}^{1}(\Omega_{X})$
.
, $X$ $D_{X}$ , $\mathcal{H}_{\{A\}}^{1}(\Omega x)$ $\mathcal{H}_{[]}^{1}A(\Omega x)$ $D_{X}$
. $R$ , $R^{*}$ $(\sigma dx)R=(R^{*}\sigma)d_{X}$
. , $dx$ , $\mathcal{O}_{A}$
$\mathcal{H}_{\{A\}}^{1}(\Omega_{X})$ $\mathcal{H}_{\{A\}}^{1}(\mathcal{O}_{x})$ , $\hat{\mathcal{O}}_{A}$ $\mathcal{H}_{[A]}^{1}(\Omega x)$
$\mathcal{H}_{[A]}^{1}(\mathcal{O}x)$ .
, . $a_{j}(x)$ $m$
$P(x, D_{x})=a_{m}(x) \frac{d^{m}}{dx^{m}}+a_{m-1}(x)\frac{d^{m-1}}{dx^{m-1}}+\cdots+a_{0}(x)$





(i) $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P^{*}, \mathcal{H}_{\{}1\}A(\mathcal{O}X))$ $\mathrm{K}\mathrm{e}\mathrm{r}(P, \mathcal{O}A)$ .
(ii) $\mathrm{K}\mathrm{e}\mathrm{r}(P^{*}, \mathcal{H}_{\{A\}}^{1}(\mathcal{O}x))l\mathrm{h}\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P, \mathcal{O}_{A})$ .
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.4 .
(i) $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P*, \mathcal{H}^{1}[A](\mathcal{O}x))$ $\mathrm{K}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}A)$ .
(ii) $\mathrm{K}\mathrm{e}\mathrm{r}(P^{*}, \mathcal{H}_{[A}^{1}](\mathcal{O}_{X}))$ $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}_{A})$ .





. , . $(f, \sigma)\in \mathcal{O}_{A}\cross \mathcal{H}_{\{A\}}^{1}(\mathcal{O}_{X})$ ,
$f(x)\sigma(x)dX$ $A$ , ${\rm Res}_{A}(f, \sigma)$ . ,
pairing
${\rm Res}_{A}(\cdot, \cdot)$ : $\mathcal{O}_{A}\mathrm{x}\mathcal{H}_{\{\}}^{1}A(\mathcal{O}x)arrow \mathrm{C}$ ,
pairing .
${\rm Res}_{A}(\cdot, \cdot)$ : $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P, \mathcal{O}A)\cross \mathrm{K}\mathrm{e}\mathrm{r}(P^{*}, \mathcal{H}_{\{A}1(\}\mathcal{O}x))arrow \mathrm{C}$ .
3 , pairing .
5
$A$ $\mathcal{O}_{A}$ , $P$
$\mathrm{K}\mathrm{e}\mathrm{r}(P^{*}, \mathcal{H}_{\{A}1\}(\mathcal{O}_{X}))=\{\sigma\in \mathcal{H}_{\{\}}^{1}A(\mathcal{O}_{X})|P^{*}\sigma=0\}$
. $f\in \mathcal{O}_{A}$ , $Pu=f$
$u\in \mathcal{O}_{A}$






. $f\in\hat{\mathcal{O}}_{A}$ , $Pu=f$ $u\in\hat{\mathcal{O}}_{A}$
.










$\sigma=\frac{1}{x^{2}}$ mod $\mathcal{O}_{X}$ , – ,
$\sigma$ .
$\mathrm{K}\mathrm{e}\mathrm{r}(P*, \mathcal{H}1(\{A\}\mathcal{O}_{X}))=\mathrm{K}\mathrm{e}\mathrm{r}(P^{*}, \mathcal{H}1([A]\mathcal{O}X))$








. $A$ $\sigma$ $\tau$ .
$\sigma=\frac{1}{x^{3}}$ mo $\mathrm{d}$ $\mathcal{O}_{X}$ , $\tau=\exp\frac{1}{x}$ mod $\mathcal{O}_{X}$
, $P^{*}\sigma=P^{*}\mathcal{T}=0$ . ,
$\mathrm{K}\mathrm{e}\mathrm{r}(P^{*}, \mathcal{H}_{\{A\}}1(\mathcal{O}X))=\mathrm{s}_{\mathrm{P}^{\mathrm{a}\mathrm{n}}}\{\sigma, \tau\}$ , $\mathrm{K}\mathrm{e}\mathrm{r}(P^{*}, \mathcal{H}^{1}([A]\mathcal{O}x))=\mathrm{S}\mathrm{p}\mathrm{a}\mathrm{n}\{\sigma\}$
. $f\in \mathcal{O}_{A}$ , $Pu=f$ $u\in \mathcal{O}_{A}$
${\rm Res}_{A}(f(x), \sigma)={\rm Res}_{A}(f(x), \tau)=0$
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. , $f\in\hat{\mathcal{O}}_{A}$ ,
$u\in$ ${\rm Res}_{A}(f(x), \sigma)=0$ .
$A$ $\mathrm{K}\mathrm{e}\mathrm{r}(P, \mathcal{O}A)\neq \mathrm{K}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}A)$ $P$ .
$f\in \mathcal{O}_{A}$ , $P$ $Pu=f$
. , , $f$
$Pu=f$ ,
$J$ $u$ , $u$
. ,















. , 1 .
6 $P(x, D_{x})=(2x+x^{2})D_{x}-4$ $A$
. $2\lambda-4=0$
$\lambda=2$ . , $P$ $P^{*}$
$-\lambda-1=-3$ . , $P^{*}$
, 3 . ,
$P^{*}\sigma=0$ , $\sigma\in \mathcal{H}_{[A]}^{1}(\mathcal{O}x)$
– $x^{3}\sigma=0$ . ,
, $P^{*}$ $x^{3}$ $J=\langle P^{*}, x^{3}\rangle$ .
$J=\langle 4xD_{x}+12-2x+x^{2}, x^{3}\rangle$
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2 . , $J$ $J=\langle P^{*}, x^{3}\rangle$ .
$J=\langle_{XD_{x}+}3, x^{3}\rangle$




, $xD_{x}+3$ $x^{3}$ $J$ .
, \mbox{\boldmath $\sigma$} $= \frac{1}{x^{3}}$ mod $\mathcal{O}x$
. $P^{*}$ , $\frac{1}{x^{3}}$
$x^{\frac{1}{2}}$ . , $\langle P^{*}, x^{3}\rangle$ ,




, $P$ $P^{*}$ $x^{3}$ $J=\langle P^{*},$ $x^{3}$ ) .
$P^{*}$
$P^{*}=(3x-1)_{X^{32}}D_{x}+(-x-2x^{2}+12x^{3})D_{x}-3+6x$
, , $J=\langle xD_{x}+3, x^{3}\rangle$ . ,
$l$} $\sigma=\frac{1}{x^{3}}$ mod $\mathcal{O}_{X}$
. , $P^{*}$ , 1
$\overline{x^{3}}$
$\exp\frac{1}{x}$ – . , $J$
, $\exp\frac{1}{x}$ .
$P$ $A$ $b_{A}(\lambda)$ . $b_{A}(\lambda)=0$
, $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}A)=\{0\}$ . ,
73




$\lambda_{\max}$ . , $P$ $P^{*}$ $(x-\alpha)^{\lambda_{\max}}$
$J=\langle P^{*}, (x-\alpha)^{\lambda_{\max}}\rangle$ . , .
$\mathrm{K}\mathrm{e}\mathrm{r}(P^{*}, \mathcal{H}_{[A]}^{1}(\mathcal{O}x))=\{\sigma\in \mathcal{H}_{[A]}^{1}(\mathcal{O}x)|R\sigma=0, \forall R\in J\}$





8 $D_{X}/J$ $A$ $n$ . .
$\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}_{A})=n$ .





, $P$ $P^{*}=(x^{2}+x^{3})D_{x}^{2}+(6x+5x^{2})D_{x}+6+4x$ $x^{3}$




, $x^{2}\in J$ . Buchberger $J=\langle xD_{x}+2, x^{2}\rangle$
. $J$ 1 , $\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P,\hat{\mathcal{O}}_{A})=1$ .
$Pu=f$ ,
.
, $P^{*}$ , $\frac{1}{x^{2}}$










, $Pu=f$ . $P$
$\lambda^{2}-5\lambda+4=(\lambda-1)(\lambda-4)=0$ , 1 4
.
$P^{*}=(3-5x^{2}-4_{X}7+2x^{9})X^{2}D_{x}2+(24-30x-24_{X^{7}}-2x)9XDx+30+16x^{7}$
. $P^{*}$ $x^{5}$ $J=\langle P^{*}, x^{5}\rangle$ .
$J=\langle_{X^{2}}D_{x}^{2}+8xD_{x}+10, x^{3}D_{x}+5X^{2}, x^{5}\rangle$












11 $P=(-2x+x^{2}+x^{3})D_{x}^{2}+(2-8x)D_{x}+8$ , 2 $x=0$ $x=1$
$Pu=f$ . 2






. $J$ , $P^{*}$
. , $J$
$J=\langle xD_{x}+2, X^{2}\rangle \mathrm{n}\langle(x-1)Dx+3, (x-1)3\rangle$









. , $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P, \mathcal{O}_{A})$




$n$ . $\sigma_{1},$ $\sigma_{2},$ $\ldots,$ $\sigma_{n}$ ,
$\sigma_{j}$
$\sigma_{j}=\sum_{k\geq\ell_{J}}\frac{a_{j,k}}{x^{k+1}}$
, $j=1,2,$ $\ldots,$ $n$
( , $a_{j,\ell_{J}}\neq 0$ ) $\ell_{1}<l_{2}<\cdots<$ .
, $\{x, x,x\}l_{1}\mathit{1}_{2}\ldots,l_{n}$ $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P, \mathcal{O}_{A})$ .
12 $A$ $P=x^{2}D_{x}-1-3x$ $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P, \mathcal{O}_{A})$ .
, $P^{*}=-x^{2}D_{x}-1-5X$




, , $a_{1}=a_{2}=a3=a4=0$ . ,
$\sigma=\frac{1}{x^{5}}\exp\frac{1}{x}$ mod $\mathcal{O}_{X}$
$P^{*}\sigma=0$ .
, – $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P, \mathcal{O}_{A})$ $x^{4}$ .
$Pu=f$ ,
$x^{4}$ . , $Pu=1$ $u(x)=-1-3x-6x2+6x^{3}$
. $f(x)=x,$ $x^{23},$$x$ $Pu=f$ .
13 2
$P=(2-x-2x)2X^{\mathrm{s}_{D_{x}}}2+(-4+3x^{2}-10X^{4})x2D_{x}+4+10x-6X^{2}-x^{3}+6x^{4}-6x^{5}$
, $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(P, \mathcal{O}_{A})$ . ,
$P^{*}=(2-x-2X)2X^{5}D_{x}2+(4+17x^{2}-12x3-18x)4x^{2}Dx+4+18x-6X^{2}+27x^{3}-24X^{4}-3\mathrm{o}x^{\mathrm{s}}$
$P^{*}\sigma=0$ , $\sigma\in \mathcal{H}_{\{A\}}^{1}(\mathcal{O}x)$
.
$\sigma=\frac{1}{x^{3}}\exp(\frac{1}{x^{2}})$ mod $\mathcal{O}_{X},$ $\tau=\frac{1}{x^{5}}\exp(\frac{1}{x})$ mod $\mathcal{O}_{X}$



















$f$ , $Pu=f$ $u$
, $P^{*}$ ( ,
) $\sigma$ ${\rm Res}_{A}(f, \sigma)=0$ .
14 , .
.
15 $P$ $P=xD_{x}+4+x$ , $P^{*}=-XD_{x}+3+x$
.
$\sigma=\frac{a_{1}}{x}+\frac{a_{2}}{x^{2}}+\frac{a_{3}}{x^{3}}+\cdots$
, $\sigma$ $a_{2}+4a_{1}=0,$ $a_{3}+5a_{2}=0,$ $a_{4}+6a_{3}=0,$ $\cdots$
.
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